Abstract: These notes provide a brief introduction to the ABJM theory, the level k U (N ) × U (N ) superconformal Chern-Simons matter theory which has been conjectured to describe N coincident M2-branes. We discuss its dual formulation in terms of M-theory on AdS 4 × S 7 /Z k and review some of the evidence in favor of the conjecture. We end with a brief discussion of the important role played by the monopole operators.
Introduction
In these notes we review the important progress that has taken place in understanding the world volume theory of coincident supermembranes of M-theory, the M2-branes. These interacting superconformal theories are expected to be the Chern-Simons gauge theories coupled to massless matter [1] . During the past two years, remarkable new theories with extended N ≥ 6 superconformal invariance have been constructed [2, 3, 4] . In particular, the ABJM theory [4] is a U (N ) × U (N ) Chern-Simons gauge theory with integer levels (k, −k); it becomes weakly interacting for k N . Considerable amount of evidence has accumulated that this gauge theory describes the low-energy behavior of N M2-branes placed at the N = 6 supersymmetric orbifold R 8 /Z k . Therefore, it is conjectured to be dual, in the sense of the AdS/CFT correspondence [5, 6, 7] , to M-theory on AdS 4 × S 7 /Z k . This dual description becomes very useful for N k. Before we discuss the role that M2-branes play in the AdS/CFT correspondence, let us review the correspondence for coincident D3-branes, which in flat space realize the wellknown N = 4 supersymmetric Yang-Mills theory (for reviews see for example [8, 9, 10, 11, 12] ). The type IIB supergravity background created by a stack of N coincident D3-branes can be written as: As can be seen from the metric, in the "near horizon limit," which corresponds to taking r L, the term h(r) can be approximated by L 4 /r 4 and, therefore, it is easy to see that the geometry of space-time becomes that of AdS 5 × S 5 . Thus, the system of N D3-branes in the near horizon limit is described by a Type IIB string theory in AdS 5 × S 5 space-time. Now, let us look at this system from the point of view of the world volume theory. Considering only one D3-brane in flat space, one can see that in the low energy limit it is a free gauge theory in 3 + 1 dimensions characterized by the lagrangian: 2) where the dots indicate the fermionic terms. This lagrangian corresponds to the N = 4 supersymmetric U (1) gauge theory. Since all the fields are uncharged, this is a free theory, which implies that the moduli space 1 is simply R 6 . This description can be generalized to a system of N parallel D3-branes, where in the low energy limit we have the N = 4 supersymmetric Yang-Mills theory with gauge group U (N ) and lagrangian:
where the scalar fields φ i transform in the adjoint representation of the gauge group. The moduli space of this theory consists of diagonal matrices: 4) with the gauge transformations acting on the fields by a permutation of the eigenvalues. From this, it can be understood that the moduli space of this theory is simply (R 6 ) N /S N , where S N is the permutation group of N elements.
There is a U (1) subgroup under which all the fields are neutral; it decouples from the remaining SU (N ) gauge group. This U (1) parameterizes the motion of the center of mass of the stack of N D3-branes. Thus, we can conclude that, in the low energy limit, the gauge theory living on a stack of N D3-branes is an SU (N ) supersymmetric Yang-Mills theory, which can be studied perturbatively in great detail. Therefore, a stack of N D3-branes in flat space can be looked at from two points of view: that of string theory which, in the near horizon limit, leads to Type IIB string theory in AdS 5 × S 5 with N units of the selfdual 5-form Ramond-Ramond flux, and that of gauge theory that, in the low energy limit, leads to an N = 4 super Yang-Mills theory with gauge group SU (N ) and adjoint matter. The strong version of the AdS/CFT conjecture claims that these two limits are equivalent. Therefore, the 4-d gauge fields and the 10-d strings provide two different descriptions of the same theory.
The correspondence may be generalized to the cases where a stack of parallel D3-branes is placed at the tip of a Ricci-flat cone. For this type of background, the metric has the same form as (1.1), but now dΩ 5 refers to the base of the cone, which is an Einstein manifold often denoted as Y 5 ; the limit where r → 0 gives the geometry of AdS 5 × Y 5 . When the cone is a Calabi-Yau space, the base of the cone is called a Sasaki-Einstein manifold; in these cases the supersymmetry preserved by the theory is one quarter of that of AdS 5 × S 5 that we mentioned above. Hence, these are N = 1 superconformal theories.
The example we will now consider is when the Calabi-Yau cone is the conifold (reviews on the conifold theory can be found in [12, 13] ). This case is of interest here because its gauge theory is related to that appearing in the AdS/CFT duality with M2-branes. Let us consider the 10 dimensional space-time M 4 × C, where M 4 is the usual 4 dimensional Minkowski space-time and C is the conifold. Introducing 4 complex variables u i , with i = 1, . . . , 4, this manifold can be defined as the locus where the following condition is satisfied:
(1.5)
Given this condition, it is clear that the conifold has 3 complex dimensions and, therefore, 6 real dimensions. If we place a D3-brane near the tip of the complex cone defined by (1.5), we can examine the gauge theory arising on the brane in the low energy limit. This is an N = 1 supersymmetric Yang-Mills theory with gauge group U (1) 1 × U (1) 2 and four chiral fields, that we shall denote as z 1 , z 2 , w 1 and w 2 [14] . They transform under the gauge groups according to Table 1 . Interestingly, all the matter fields are neutral under the diagonal gauge field 2 A + = A +Â, and are charged under the anti-diagonal gauge field A − = A −Â. Also, it is important to note that this theory has no superpotential for the one D3-brane case we are considering. In order to determine the moduli space, we need to solve the D-term equations (since there's no superpotential, there are no F-term equations to impose). The D-terms for this theory can be written as:
where D is the usual auxiliary field. Integrating out the auxiliary field D, the D-terms can be written as (neglecting overall numerical factors):
The moduli space of vacua is obtained by imposing the vanishing of the D-terms and dividing by the gauge group. Thus, we need to impose the condition: 8) and the identifications:
The moduli space of this gauge theory is precisely the conifold. This manifold can be viewed as a cone over (SU (2) × SU (2))/U (1), which in the literature is often referred to as T 1,1 . The two SU (2)'s can be thought of as flavour symmetries, one acting on the z i 's, which transform as a doublet, and the other acting on the w i 's, transforming as a doublet. Also, the U (1) group is the interacting anti-diagonal subgroup A − under which the chiral fields are charged. Another way to define the conifold is by introducing four complex variables, u ij , defined as: 10) related to the chiral fields by the relation u ij = z i w j . In terms of the new variables, the defining equation for the conifold can be written simply as:
This way of defining the conifold is equivalent to the one we have discussed above. Given the definition of the coordinates u ij in terms of w i and z i , the equation (1.11) remains the same if we act on the chiral fields with the transformations:
If we write λ = se iα , with s ∈ R + and α ∈ R, the parameter s can be used to satisfy (1.8), while α parameterizes the gauge invariance (1.9). A generalization to the case where we have a stack of N parallel D3-branes probing the tip of the cone is straightforward. In that case, we have a Yang-Mills theory with N = 1 supersymmetry, gauge group U (N ) 1 × U (N ) 2 , and chiral matter fields which transform under these groups according to Table 2 . Table 2 : Transformations of the chiral fields under the two gauge groups. The symbol N indicates that a field transforms in the fundamental representation of U (N ), whereasN indicates that a field transforms in the anti-fundamental representation of U (N ).
The matter content of this theory can be represented with a so called "quiver" diagram, which we show in Figure 1 . The red nodes correspond to the gauge groups, and each arrow corresponds to a chiral superfield of the theory. An outgoing (incoming) arrow from a given node signifies that the corresponding chiral field transforms in the fundamental (anti-fundamental) representation of the corresponding gauge group. Arrows starting and ending on the same node transform in the adjoint representation of the corresponding gauge group.
For the case with multiple branes, a superpotential needs to be added. The only superpotential quartic in the superfields and invariant under the SU (2) × SU (2) flavor symmetry is:
Note that this superpotential vanishes in the abelian case, where all the fields commute. All the fields have R-charge equal to 1/2. Thus, at the conformal fixed point, the scaling dimension of each field is:
It can be shown that the superpotential is an exactly marginal operator for this gauge theory. The gauge group of the theory, U (N ) 1 × U (N ) 2 , contains two U (1) factors. The diagonal subgroup of the gauge group, under which all the fields are neutral, decouples trivially. The anti-diagonal subroup, commonly denoted as U (1) B , becomes a global symmetry far in the IR because its gauge coupling flows to zero. Therefore, the AdS/CFT correspondence for this case states that Type IIB string theory on AdS 5 × T 1,1 with N units of RR flux on T 1,1 is dual to N = 1 supersymmetric Yang-Mills theory with gauge group
One M2-brane and Abelian Chern-Simons Theory
Having briefly introduced the AdS/CFT correspondence in the context of D3-branes, we are now ready to discuss the correspondence for M2-branes. Let us recall the formulation of 3-dimensional N = 2 supersymmetric Chern-Simons theories coupled to charged fields [1, 15] . In the superspace formalism, the Chern-Simons action for theories with a single U (1) gauge group and N f matter flavours can be written, in Wess-Zumino gauge, as:
where Φ i are chiral matter superfields transforming under the gauge group with charge q i , and where:
As we can see from above, the vector superfield V is composed of a gauge field A µ , a two-component Dirac spinor χ, a scalar field σ, which comes from the A 3 component of the gauge field when we do dimensional reduction from the 3+1 dimensional theory, and another scalar field D.
The parameter k is called the Chern-Simons level: the requirement that a non-abelian theory is invariant under large gauge transformations restricts it to integer values. In components, the action can be written as:
where D µ represents the covariant derivative, and where φ i and ζ i represent, respectively, the scalar and the fermionic part of the chiral matter field Φ i . Note that all the fields in the vector multiplet are non-dynamical, so they are all auxiliary fields. Integrating out the scalar field D, we have that: 4) and the D-term potential can be written as:
Note that, because of (2.4), the D-term potential is sextic in the scalar fields φ i . Now let us consider the specific gauge theory proposed in [4] as a description of a single M2-brane. This theory has gauge group U (1) × U (1), Chern-Simons levels (k, −k) and four chiral superfields transforming under these groups as given in Table 1 . Interestingly, the quiver diagram for this Chern-Simons gauge theory looks exactly like that in Figure 1 . The matter action for this theory can be written in the superspace formalism as:
where Z A and W B are chiral multiplets, whose lowest components are scalar fields that we denote as Z A and W B . Expanding the action in components, and deriving the equations of motion for the auxiliary fields, we have that:
The D-term potential for this theory is proportional to (σ −σ) 2 ; therefore, it vanishes.
Since the F-term potential vanishes as well (the abelian theory has no superpotential), we could be tempted to conclude that the moduli space is simply R 8 , or C 4 . However, this is true only up to a Z k identification.
Let us combine the fields as follows [4, 16] :
The newly defined fields Y A have the same charges as Z A under the gauge group
With this definition, the bosonic part of the Chern-Simons action can be written as:
Defining A ± µ = A µ ±Â µ , the covariant derivative can be written as:
The CS action itself can be written in a more concise form as:
If we define the theory on R 3 and map it to R × S 2 , then there are sectors with quantized monopole fluxes: 3
If we now consider a gauge transformation for which: 13) this transformation brings about a boundary term that can be written as:
Since the fluxes are quantized, in order for the action to shift by 2π times an integer, we must require that:
This provides an identification on the matter fields which implies that the moduli space for this theory with Chern-Simons levels (k, −k) is C 4 /Z k . Another way to derive this result is to note that, since A + µ does not appear in the action, we can treat F + µν as a basic variable, rather than A + µ itself. Thus, in order to ensure that the equation dF + = 0 remains valid, we need to add a Lagrange multiplier [19, 20] :
Having inserted this term into the action, the equations of motion of F + νρ can be written as:
The quantization condition on the fluxes requires that τ be periodic with period 2π. It follows that, under the gauge transformations,
We can use this gauge transformation to fix τ to be 0 but, because of its periodicity, we still have the freedom to make a transformation with Λ − = 2π k . Examining how these "large"
Z k gauge transformations act on the fields Y A , we again conclude that the moduli space of this Chern-Simons theory is C 4 /Z k .
In addition to the Z k gauge symmetry, the model has a global U (1) b symmetry which corresponds to the conserved current j µ ∼ µνλ F +νλ . This symmetry acts by shifting the dual scalar τ . The monopole (anti-monopole) operators e ±iτ , that are charged under the U (1) b , create field configurations with magnetic flux of F + through the S 2 surrounding the point of insertion. The non-abelian, U (N ) × U (N ) version of the model we are discussing was proposed in 2008 by Aharony, Bergman, Jafferis and Maldacena in [4] , and in the literature is often referred to as the ABJM theory. It has the merit of having the conformal symmetry manifest, although the complete amount of supersymmetry is not manifest for k = 1, 2 (we will return to this issue in section 5). A different, older description of the gauge theory on a stack of N M2-branes is in terms of the IR limit of the gauge theory on N D2-branes, i.e. the N = 8 supersymmetric Yang-Mills theory in 2 + 1 dimensions. For example, for a single D2-brane the action is:
Dualizing the field strength to a scalar, 20) the SO(8) symmetry acting on the 8 scalars is manifest. However, it is not known how to generalize the duality transformation to the non-abelian gauge theory on multiple D2-branes. In this approach to M2-branes, the N = 8 supersymmetry is manifest, but the conformal invariance is not; it contains the coupling constant g Y M which has dimension of Energy 1/2 . Presumably, the superconformal M2-brane theory is the IR sector of the theory on N D2-branes which emerges for energies much smaller than g 2 Y M .
Non-Abelian Chern-Simons theory
A breakthrough in the search for a Chern-Simons matter theory with N = 8 supersymmetry came with the work of Bagger and Lambert [2] and, independently, Gustavsson [3] . They constructed a theory, often referred to as the BLG model, using a so-called "3-algebra." Given a set of generators T a , such an algebra can be defined by introducing the triple product:
where f abcd is a fully anti-symmetric tensor. Given this algebra, a maximally supersymmetric Chern-Simons lagrangian is:
where A µ ab is the gauge boson, and ψ a and x I = x I a T a are matter fields 4 . If we let a = 1, . . . , 4, then we can obtain an SO(4) gauge symmetry by choosing f abcd = f abcd , f being a constant. 5 Not only does this seem like a natural choice, but it turns out to be the only one that gives a gauge theory with manifest unitarity and N = 8 supersymmetry.
After this model was proposed, it was shown [21, 22] that this gauge theory is equivalent to an SU (2) × SU (2) Chern-Simons gauge theory with opposite Chern-Simons levels:
where the covariant derivative can be written as:
The bi-fundamental matter fields X I are related to the ones in the SO(4) notation by: where I 2×2 is the 2 × 2 identity matrix and σ i are the Pauli matrices. Also, the bi-fundamental matter fields satisfy the reality condition [22] :
An N = 2 superspace formulation of this theory was given in [4, 16] . The gauge fields A andÂ can be thought of as components of two vector supermultiplets, V andV, whose other components are auxiliary fields. The matter fields can be combined into chiral bi-fundamental superfields, which we denote as Z A . The lowest component of Z A is a complex scalar field Z A , related to the X I fields by:
In terms of the chiral multiplets Z A a transforming under the SO(4) gauge group and carrying R-charge 1/2, the superpotential can be written as:
Thus, the theory has a manifest U (1) R × SU (4) symmetry. By virtue of (3.5), this superpotential can be expressed in terms of the bi-fundamental chiral superfields Z A as:
where we have introduced the operations:
Although the first of these operations might look like a hermitian conjugation, we note that there is no conjugation of the imaginary part, but only of the scalar multiplets X I . This operation is crucial because it does not break the holomorphy of the superpotential. It is not obvious that this N = 2 formalism describes the BLG model. The latter has N = 8 supersymmetry, and therefore an SO(8) R invariance, whereas (3.9) only has a manifest U (1) R × SU (4) symmetry. However, expressing the action of this model in components and integrating out all the auxiliary fields, the sum of the D-term potential and of the F-term potential has the desired SO(8) R global symmetry [16] .
Since the reality condition (3.6) and the "double dagger" operation (3.10) are special to SU (2) × SU (2), it seems difficult to generalize the construction to gauge groups with a higher rank. A way to overcome this difficulty, proposed in [4] , is to abandon the manifest global SU (4) invariance by forming the following combinations of the bi-fundamental fields:
If we promote the fields Z A and W A to chiral superfields, that we shall denote as Z A and W A , the superpotential of the model can be written as [4, 16] :
This superpotential looks exactly the same as that for the D3-brane theory on the conifold and can be easily generalized to higher rank gauge groups of the type SU (N ) × SU (N ). Furthermore, there is an important caveat. Apart from the manifest U (1) R ×SU (2)×SU (2) global symmetry, the superpotential has also a U (1) symmetry, under which the chiral multiplets transform as:
In the 3 + 1 dimensional theory on N D3-branes at the conifold singularity, this starts out as a gauge symmetry but in the far IR becomes global and is identified with a U (1) baryonic symmetry. In the 2 + 1 dimensional case at hand, the dynamics is different and we have to treat this U (1) as a gauge symmetry, although eventually it becomes broken to a Z k subgroup (2.15). Using this argument, as well as type IIB brane constructions, ABJM
proposed that the gauge group on N M2-branes is U (N )×U (N ), and not SU (N )×SU (N ).
We have already checked that the moduli space of the N = 1 abelian theory with ChernSimons levels (k, −k) is the Z k orbifold of C 4 ; thus, this theory correctly describes a single M2-brane. Additional geometrical arguments for why the ABJM theory describes N M2-branes on C 4 /Z k are presented in [24, 25] . A type IIA reduction performed there leads to D2-branes on the conifold fibered over R, with a 2-form RR-flux turned on. This explains the close relation between the ABJM theory and the theory [14] for D-branes on the conifold. An important property of the classical ABJM action is that the U (1) R ×SU (2)×SU (2) global symmetry is enhanced to SU (4) R , corresponding to N = 6 supersymmetry. The scalar potential is made of two parts, one coming from the F-terms and the other from the D-terms. The former can be written as:
The contribution coming from the D-terms can be written as:
Combining the two contributions and using the notation introduced in (2.8), we find that the full bosonic potential is:
The interaction terms, quadratic in the fermion fields and quartic in the scalars, possess the manifest SU (4) R ∼ SO(6) R symmetry as well [16] . Therefore, this symmetry is manifest in the classical action; it strongly suggests that, for general N and k, the ABJM theory has at least N = 6 supersymmetry. An explicit demonstration of the N = 6 superconformal invariance of the ABJM theory was presented in [26] .
Gravitational description of coincident M2-branes
A stack of N coincident M2-branes creates the following extremal geometry:
In the limit where r → 0, the metric becomes that of AdS 4 × S 7 :
For the strongly coupled theory on N M2-branes, the AdS/CFT correspondence predicts an interesting essential feature that has not been completely understood yet: the number of degrees of freedom scales as N 3/2 [27] , not as N 2 found for the strongly coupled gauge theories on D3-branes. One way to see this is through studying the correlation functions of protected gauge invariant operators. Since their spectrum is in one-to-one correspondence with the Kaluza-Klein harmonics on S 7 , we can use the gravity side of AdS/CFT to predict that all their correlation functions scale like:
where we have used the relation between L and N obtained in (4.1). Another way is to study the thermal gauge theory [4, 9, 27] . The non-extremal geometry for a stack of N M2-branes is:
In the near-horizon region, r L, this becomes a black brane in AdS 4 , and r 0 represents the Schwarzschild radius, which is related to the Hawking temperature T .
If we consider a stack of M2-branes placed at the singularity of the orbifold C 4 /Z k , which is described by the level k ABJM theory, then dΩ 2 7 refers to the metric on unit S 7 /Z k . When the 't Hooft coupling λ = N/k is very large, so that the metric is weakly curved, the Bekenstein-Hawking entropy is written as:
where V 2 is the spatial volume of the stack of M2-branes. Thus, the AdS/CFT correspondence predicts that for large λ the number of degrees of freedom in the ABJM theory scales like N 3/2 k 1/2 . More generally, the thermal entropy of the ABJM theory can be written as:
In the perturbative regime, λ 1, we expect f (λ) = 1 + O(λ 2 ), while the AdS/CFT correspondence predicts that:
This behavior is very different from the situation where a stack of D3-branes is considered.
In that case the Bekenstein-Hawking entropy can be written in a similar form to (4.6) but, when the 't Hooft coupling becomes large, the function f (λ) approaches 3/4 at large λ. 6 Now, let us discuss the parity transformation. In 2 + 1 dimensions, the reflection of both coordinates is simply a rotation; therefore, one has to consider the reflection of only one. Sometimes it has to be accompanied by the action on other fields. For example, in AdS 4 × Y 7 , the parity transformation acts on one of the spatial coordinates and on the 3-form:
If only the C 012 component of the 3-form is turned on, this transformation preserves the background. This shows that the dual gauge theory cannot be a supersymmetric ChernSimons theory with a single gauge group U (N ), where the Chern-Simons term violates the parity [1] . However, theories with two gauge groups and opposite Chern-Simons levels preserve a parity symmetry that involves the interchange of the gauge groups [21, 28] . For example, in the ABJM theory, the parity transformation
is a symmetry of the action. This is consistent with the parity symmetry of the AdS 4 × S 7 /Z k background of M-theory.
Supersymmetry Enhancement and Monopole Operators
Let us show that N = 6 is the correct amount of supersymmetry for N M2-branes placed at the singularity of C 4 /Z k for k > 2. The Z k orbifold acts on the 4 complex coordinates of C 4 as:
Note that this preserves the SU (4) symmetry that rotates the y A ; this is the R-symmetry from the gauge theory point of view. The generators of Z k act on the SO(8) spinors as:
where s i = ±1/2 are the spinor weights. By chirality projection, the sum of the s i 's has to be even, giving an 8 dimensional representation. Therefore, the spinors that survive the orbifold projection must satisfy:
For k > 2, 6 of the 8 spinors are left invariant by the orbifold action. It follows that this supersymmetric gauge theory is expected to have 12 supercharges and, accordingly, N = 6 supersymmetry, in agreement with that in the classical action of the ABJM theory. However, for k = 1, 2 all the spinors are found to be invariant, and the supersymmetry is enhanced to N = 8. In the following, we will investigate what causes this supersymmetry enhancement in the ABJM model. In the ABJM model, the classical global symmetry is U (1) b × SU (4) R . The SU (4) symmetry is realized by the 15 conserved traceless currents:
The U (1) b transformation acts as:
The corresponding current is related by the A − equation of motion (in the U (N ) × U (N ) theory, A ± ∼ Tr A ± TrÂ) to the current j µ ∼ µνλ F +νλ , which is obviously conserved. Therefore, the U (1) b charge is carried only by the field configurations that have a flux of F + through the 2-sphere at infinity of R 3 . Such field configurations are created by the so-called "monopole operators" [29] that we discuss next. For some of their recent applications see [4, 30, 31, 32, 33, 34, 35, 36, 37] . In order for the supersymmetry to be enhanced to N = 8, we need the global symmetry to be enhanced to SO(8) R , which has 28 generators. Therefore, we need to find 12 conserved currents in addition to the 16 U (1) b ×SU (4) R currents. Construction of these 12 currents is expected to involve the monopole operators [4] . Each of these operators creates a quantized flux in a U (1) subgroup of the gauge group through a sphere surrounding the insertion point. In the ABJM theory, which has gauge group U (N ) 1 × U (N ) 2 , these monopole operators are labeled by the Cartan generators H andĤ of each of the two U (N ) factors of the gauge group: 6) where the condition that the entries of the generators have to be integers follows from the flux quantization condition around the S 2 surrounding the insertion point of the monopole. Also, for convenience, one can arrange the q i 's and theq i 's such that:
We will restrict our attention to monopoles with H =Ĥ. We also note that, for each monopole, there is an anti-monopole. Generically, if a gauge group has Chern-Simons level k, the monopole operators transform in the representation of the gauge group given by a Young tableaux with kq 1 boxes in the first row, kq 2 boxes in the second row, etc 7 . It follows that in the ABJM theory, the monopoles are not gauge singlets and can combine with the chiral matter to form gauge invariant operators.
Consider, for example, the k = 1 theory. Here, the simplest, unit-charge monopole operator corresponds to q 1 =q 1 = 1. The corresponding operator, M â a , transforms as a fundamental under U (N ) 1 and anti-fundamental under U (N ) 2 . There is also the antimonopole operator that transforms in the conjugate representation, (M −1 )â a . Similarly, there are doubly charged monopole operators corresponding for example to q 1 =q 1 = 2, that we denote (M 2 ) ab ab , which transform in the symmetric tensor representation under U (N ) 1 , and in the conjugate representation under U (N ) 2 . We will denote their antimonopole operators by (M −2 )âb ab . Another type of doubly charged BPS monopole operator has q 1 = q 2 =q 1 =q 2 = 1. Such an operator transforms as an anti-symmetric tensor under U (N ) 1 , and in the conjugate representation under U (N ) 2 . As we increase the monopole charge, the variety of different monopoles increases. Now, let us consider the current operators:
These operators are not gauge invariant, but they can be combined with the monopole (M −2 )âb ab , which has kq 1 = 2, kq 1 = 2 and q i =q i = 0 for i = 1, to form 6 invariant currents 8 that we shall denote as J AB µ . Combining their complex conjugates j ABµ with the monopole M 2 , gives another six conserved currents which are also gauge invariant. To summarize, the monopoles have provided us with 12 symmetry generators that we can add to the 16 obvious currents of U (1) b × SU (4) R . With a total of 28 generators, the global symmetry is enhanced to SO(8) R , as we expected. When k ≥ 3, there is no way to construct the monopole operators M −2 and M 2 , which carry two indices under each U (N ); so the symmetry enhancement does not happen.
The importance of the monopoles goes beyond the supersymmetry enhancement for k = 1, 2. They are also necessary for matching the spectrum of the gauge theory with that of the dual gravity theory. In the ABJM theory with k = 1, the simplest gauge invariant operators have the form Y †â Ba M â a and their conjugate. These operators, linear in the scalar fields, are expected to have scaling dimension 1/2; they can be thought of as free fields dual to 'singleton' modes in AdS 4 . The simplest scalar composite operators we can construct in the ABJM theory at level k = 1 can be written as:
7 Since the gauge groups we are dealing with are U (N ) rather than SU (N ), the columns of length N must be taken into account as well. 8 The number 6 comes from the anti-symmetry of j AB µ under the exchange of A and B.
There are 15 such traceless operators of dimension 1. The AdS/CFT correspondence implies that the gauge invariant scalar operators should be in one-to-one correspondence with the Kaluza-Klein harmonics on S 7 . There are 35 such harmonics that correspond to operators of dimension 1. Therefore, we need to find 20 more operators made of two scalar fields in order to match this part of spectrum with the gravity side. Once again, we proceed by forming non-gauge-invariant combinations of scalar fields and combining them with monopoles in order to make them gauge invariant. The 20 gauge invariant operators written as:
turn out to be what is needed to match the spectrum of the field theory with the gravity theory. These additional operators have non-vanishing U (1) b charge, which is dual to the momentum along the M-theory circle. 9 It remains to show that the monopole operators do not alter the 'naive dimension' 1 of the scalar bilinears. Since the ABJM theory at low k is a strongly coupled gauge theory, the monopole operators are quite hard to analyse in detail as there's no perturbative approach available. However, a way to overcome this problem is to embed the ABJM theory in an N = 3 supersymmetric Yang-Mills-Chern-Simons theory, by adding a Yang-Mills term for the gauge fields in the action [36] :
where V is the vector superfield. Also, we add two dynamical adjoint superfields with kinetic term:
12)
The superpotential can be written as:
The quiver diagram of this supersymmetric gauge theory is presented in Figure 2 .
In the IR the gauge coupling g flows to infinity, the kinetic term (5.12) vanishes and the adjoint fields can be integrated out. The resulting theory is precisely the ABJM model. In contrast, in the UV the gauge coupling goes to 0, and the theory becomes a weakly coupled N = 3 supersymmetric Yang-Mills theory that can be studied perturbatively. Therefore, we can compute quantities in the UV, where the theory is weakly coupled, and then study the flow to the IR, where the theory becomes the ABJM Chern-Simons theory. In particular, we can compute the non-abelian SU (2) R charge of the monopole operators, which is not modified by the RG flow [36] . 9 If we view the S 7 as a circle fibration over CP 3 , then the reduction to type IIA string theory produces an AdS4 × CP 3 background. In the UV we may study the monopoles semi-classically. In order for a classical monopole background to be BPS (or anti-BPS), we need to turn on the vacuum expectation values of the scalar fields φ i that are in the vector multiplets and that transform in the spin 1 representation of the R-symmetry group:
14)
The minus sign corresponds to a BPS background, while the plus to anti-BPS. The n i (τ ) vector is a unit vector on the SU (2) R /U (1) R 2-sphere and it may vary with the Euclidean time τ adiabatically. The vector n i (τ ) couples to the fermions; integrating them out we obtain the induced action for n i . By solving for its quantum mechanical motion, we can determine the representations in which the monopoles transform under the SU (2) R symmetry. For the ABJM theory, the singlet representation turns out to be allowed. Such monopole operators do not contribute to the R-charge and, therefore, to the scaling dimension of composite operators. Thus, the dimensions of composite operators like (5.10) agree with the AdS/CFT correspondence.
